A stochastic volatility in mean model with correlated errors using the generalized hyperbolic skew Student-t (GH-ST) distribution provides a robust alternative to the parameter es- 
Introduction
Stochastic volatility (SV) models were introduced in the financial literature to describe timevarying volatilities (Taylor, 1982; 1986) . Although the basic SV model offers great flexibility in modeling data with time-varying variances, it can suffer from a lack of robustness in the presence of extreme outlying observations (see, e.g., Liesenfeld and Jung, 2000; Abanto-Valle et al., 2010, among others) or skewness of the returns. To deal with this problem, Abanto-Valle et al. (2014) propose a new stochastic volatility model based on a generalized skew-Student-t distribution for stock returns, which allows a parsimonious, flexible treatment of the skewness and heavy tails in the conditional distribution of the returns.
However, the volatility of daily stock returns has been estimated with SV models, but the results have relied on an extensive pre-modeling of these series to avoid the problem of simultaneous estimation of the mean and variance. To remedy this problem, Koopman and Uspensky (2002) introduced the SV in mean (SVM) by incorporating the unobserved volatility as an explanatory variable in the mean equation of the returns. They used the simulated maximum likelihood method for parameter estimation and provided an empirical justification that the volatility coefficient in the mean equation is related to the feedback effect, which implies that an increase in the current level of volatility causes agents to increase their forecasts of future volatility and therefore to raise their future required returns. It has also long been recognized in stock markets that there is a negative correlation between today's return and tomorrow's volatility. This phenomenon is called "leverage effect" or "asymmetry". The asymmetric stochastic volatility model is well known to describe these phenomena for stock returns. Markov chain Monte Carlo (MCMC) methods have been used for parameter estimation of SV models with leverage effect. For example, Omori et al. (2007) and Omori and Watanabe (2008) used an efficient mixture sampler and a block sampler for correlated errors, respectively.
In this article, we propose to enhance the robustness of the specification of the innovation returns in SVM models by introducing scale Generalized Hyperbolic skew Student-t distribution with correlated mean and variance errors. The resulting class of models takes into account the asymmetric effect, heavy-tailedness, the feedback, and leverage effects. We refer to this generalization as the SVML-GH-ST model. The flexibility of the SVML-GH-ST model can also capture time varying features in the mean of the returns and heavy tails simultaneously. The estimation of such intricate models is not straightforward, since volatility now appears in both the mean and the variance equations with correlated innovation errors, hence intensive computational methods are needed. Inference in this new SVML-GH-ST model is performed under the Bayesian paradigm via MCMC methods, which permits obtaining the posterior distribution of parameters via simulation, starting from reasonable prior assumptions on the parameters. We simulate the log-volatilities and the shape parameters by using the block sampler for correlated errors (Omori and Watanabe, 2008) and Metropolis-Hastings algorithms, respectively.
The rest of the paper is structured as follows. Section 2 outlines the SVML-GH-ST model as well as the Bayesian estimation procedure using MCMC methods. Section 3 illustrates our proposed method using simulated data. In Section 4, the proposed class of models is applied to the IBOVESPA daily returns and model comparison is provided among the competing SVML models. Finally, We conclude the paper with some concluding remarks and suggestions for future developments in Section 5.
The asymmetric heavy-tailed stochastic volatility in mean model with leverage effect
The basic SV in mean model with leverage effect is defined by
where y t and h t are, respectively, the compounded return and the log-volatility at time t. We assume that |ϕ| < 1, i.e., that the log-volatility process is stationary and that the initial value
The parameter ρ measures the correlation between ϵ t and η t . When ρ < 0, this indicates the so-called leverage effect, a drop in the return followed by an increase in the volatility. Empirical evidence can be found in Ghysels et al. (1996) , Harvey and Shephard (1996) , Bollerslev and Zhou (2005) , Omori et al. (2007) and Nakajima and Omori (2012) . For a joint model of the asymmetric heavy-tailedness, the "feedback" and leverage effects, we replace the normal random variable ϵ t in (1a) by a random variable from the GH skew Student's t-distribution, denoted by ω t , which can be written in the form of the normal variance-mean mixture as
where ϵ t ∼ N (0, 1) and
2 ), where N (., .) and G(., .) indicate the normal and inverse gamma distributions respectively. We assume that µ ω = −δµ z and
Using the variance-mean mixture representation of the GH skew Student's t-distribution defined by equation (2), the stochastic volatility in mean model with asymmetric heavy-tailedness and leverage effect can be written hierarchically as:
The model defined for equations (3a)-(3d), will be denoted by SVML-GH-ST. In this setup, equations (3a),(3b) and (3c) with δ = 0 and z t = 1 ∀t = 1, . . . , T , we have the SVM model with leverage effect and normal distribution (SVML-N). Equations (3a)-(3d) with δ = 0 define the SVM model with leverage effect and Student-t distribution (SVML-T)(see Abanto-Valle et al.,
2011, for details).
Equations (3a)-(3d), can be written in an alternative way as 
Then, y t |θ, z t , h t , h t+1 , y t−1 follows a normal distribution with mean and variance given by
respectively. The last density will be useful in the derivations of the block sampler given in the next section. 
Parameter estimation via MCMC
where
is given by equation (4) and p(θ) is the prior distribution. To make Bayesian analysis feasible for parameter estimation in the SVML-SMN class of models, we draw random samples from the posterior distribution of (θ, h 1:T , z 1:T ) given y 0:T using MCMC simulation methods. The sampling scheme is described by Algorithm 1.
Algorithm 1
1. Set i = 0 and get starting values for the parameters θ (i) and the latent quantities z 
Draw z
4. Generate h 1:T by blocks as:
i) For l = 1, . . . , K, the knot positions are generated as k l , the floor of [T ×{(l+u l )/(K + 2)}], where the u ′ l s are independent realizations of the uniform random variable on the interval (0,1).
and h
5. Set i = i + 1 and return to 2 until convergence is achieved.
The prior distribution of parameters in the SVML-GH-ST are set as:
and q 0 are known hyper parameters.
As described by Algorithm 1, the Gibbs sampler requires sampling parameters and latent variables from their full conditionals. Sampling the log-volatilities h 1:T in Step 4, due to the nonlinear setup of the observational equation (3a), is the most difficult task. An efficient strategy is to sample from the conditional posterior distribution of h 1:T by dividing it into several blocks and sampling each block given the other blocks. This idea, called the block sampler or multimove sampler, is developed by Shephard and Pitt (1997) and Watanabe and Omori (2004) in the context of state space modeling. They showed that the sampler can produce efficient draws from the target conditional posterior distribution in comparison with a single-move sampler that primitively samples one state, say h t , at a time given the others, h s (s ̸ = t). For the SV model with leverage, Omori and Watanabe (2008) developed the associated multi-move sampler and showed that it produces efficient samples. In the next subsection, we extend their method to sampling h 1:T in the SVML-SMN class of models. Details on the full conditionals of θ and the latent variable λ 1:T are given in Appendix A. Some of them are easy to simulate from.
A block sampler algorithm
In order to simulate h 1:T = (h 1 , . . . , h T ) ′ in the SVML-SMN class of models, we consider a two-step process: first, we simulate h 1 conditional on h 2:T , next h 2:T conditional on h 1 . To sample the vector h 2:T , we develop a multi-move block algorithm. In our block sampler, we
is the size of the l−th block. We sample the block
In order to facilitate the exposition, we omit the dependence on θ and suppose that k l−1 = t and k l = t + k + 1 for the l−th block, such that t + k < T . Then η t:t+k−1 = (η t , . . . , η t+k−1 ) ′ are sampled at once from their full conditional distribution f (η t:t+k−1 |h t , h t+k+1 , y t:t+k , z t+1:t+k ) 1 , which without the constant terms is expressed in log scale as
where I(t + k < T ) is an indicator variable. Excluding the constant terms l s denotes the conditional distribution of y s given h s and h s+1 for s < T , which is normal with mean µ s and variance V s , given by equations (5) and (6) respectively. We define As − 1 2 (8) does not have closed form, we use the Metropolis-Hastings acceptance-rejection algorithm (Chib, 1995) to sample from. To obtain the proposal density, we are going to form an approximated linear state space model that mimics (8), from which sampling is easy. Applying a second-order Taylor series expansion to L around the modeη t:t+k−1 , we (10) and (11) 
Define the auxiliary variablesŷ
5. Consider the linear Gaussian state-space model
Apply the Kalman filter and a disturbance smoother (Koopman, 1993) to the linear Gaussian state space model in equations (10) and (11) and obtain the posterior mean of η t:t+k−1 (h t:t+k ) and setη t:t+k=1 (ĥ t:t+k ) to this value.
Return to
Step 2 and repeat the procedure until achieving convergence.
Applying the de Jong and Shephard simulation smoother (de Jong and Shephard, 1995) to the model defined by equations (10) and (11) with the auxiliary variablesŷ t+1:t+k defined in step 4 of Algorithm 2 enables us to sample η t+1:t+k from the density f * . Since f is not bounded by f * , we use the Metropolis-Hastings acceptance-rejection algorithm to sample from f as recommended by Chib (1995) . In the SVML-N case, we use the same procedure with λ t = 1 for t = 1, . . . , T .
In the MCMC sampling procedure, we select the expansion blockĥ t+1:t+k in Algorithm 2 as follows: the current sample of η t:t+k=1 (h t+1:t+k ) may be taken as an initial value of theη t:t+k=1 (ĥ t+1:t+k ) in Step 1. Once an initial expansion blockĥ t+1:t+k is selected, we can calculate the auxiliaryŷ t+1:t+k variables in Step 4. Then, applying the Kalman filter and a disturbance smoother to the linear Gaussian state space model consisting of equations (10) and (11) with the artificialŷ t+1:t+k yields the mean of h t+1:t+k conditional onĥ t+1:t+k in the linear Gaussian state space model, which is used as the nextĥ t+1:t+k . By repeating the procedure until the smoothed estimates converge, we obtain the posterior mode of h t+1:t+k . This is equivalent to the method of scoring to maximize the logarithm of the conditional posterior density. Although, we have just noted that iterating the procedure achieves the mode, this will slow our simulation algorithm if we have to iterate this procedure until full convergence. Instead we suggest using only five iterations of this procedure to provide a reasonably good sequenceĥ t+1:t+k instead of an optimal one.
Finally, we describe the updating procedure of the knot conditions h k l , for l = 2, . . . , K. As
) does not have a closed form, we use the MetropolisHastings algorithm with proposal density N (
denote the proposal value and the previous iteration value. Thus, the acceptance probability is given by α M H = min{1,
}, where Q(h k l ) is the product of the conditional densities
µ s and V s are defined by equations (5) and (6) respectively, for s = k l − 1 and k l . Figure 1 shows the raw data and the histograms of the simulated dataset.
We set the prior distributions as: The number of blocks, K, in the block sampler was set equal to 30, so that each block contained 66 h ′ t s on average. We conducted the MCMC simulation for 50000 iterations. The first 10000 draws were discarded as a burn-in period, and then the next 40000 were recorded.
In order to reduce the autocorrelation between successive values of the simulated chain, only every 10th values of the chain were stored. With the resulting 4000 we calculated the posterior means, the 95% intervals and the convergence diagnostic (CD) statistics proposed by Geweke to the CD values, the null hypothesis that the sequence of 4000 draws is stationary was accepted at the 5% level for all the parameters in all the models considered here. The inefficiency factor is defined by 1 + ∑ ∞ s=1 ρ s where ρ s is the sample autocorrelation at lag s. It measures how well the MCMC chain mixes (see, e.g, Kim et al., 1998) . It is the estimated ratio of the numerical variance of the posterior sample mean to the variance of the sample mean from uncorrelated draws. When the inefficiency factor is equal to m, we need to draw MCMC samples m times as many as the number of uncorrelated samples. From Table 1 , we found that our algorithm produces a good mixing of the MCMC chain. This fact is confirmed by Figure 3 , where the the autocorrelation function (acf) of the parameters shows a faster decay. In Figure The index is composed of a theoretical portfolio with the stocks that accounted for 80% of the volume traded in the last 12 months and that were traded on at least 80% of the trading days. It is revised quarterly, to keep it representative of the volume traded. On average, the components of the IBOVESPA represent 70% of all the stock value traded. The dataset was obtained from the Yahoo finance web site, available to download at "http://finance.yahoo.com". The period of analysis is January 5, 1998 -October 3, 2005, which yields 1917 observations. Throughout, we work with the compounded return expressed as a percentage, y t = 100(log P t − log P t−1 ), where P t is the closing price on day t.
The compounded IBOVESPA returns are plotted in Figure 5 as a time series plot and also as a histogram. The mean and standard deviation of returns are 0.06 and 2.34 respectively. As can be easily seen in Figure 5 , the returns are slightly skew (0.83) with heavy tails. From Table We fitted the SVML-N, SVML-T and SVML-GH-ST. In all cases, we simulated the h t 's in a multi-move fashion with stochastic knots based on the method described in Section 2.1. We set the prior distributions of the common parameters as: β 0 ∼ N (0, 100), β 1 ∼ N (−1,1) (0.1, 100), The initial values of the parameters were randomly generated from the prior distributions. We set all the log-volatilities, h t , to be zero. Finally the initial z 1:T were generated from the prior p(z t | ν).
For the block sampler algorithm, we set the number of blocks K to be 30 in such a way that each block contained 66 h ′ t s on average. For the SVML-N, SVML-T and the SVML-GH-ST models, we conducted the MCMC simulation for 50000 iterations. In all the cases, the first 10000 draws were discarded as a burn-in period. As before, in order to reduce the autocorrelation between successive values of the simulated chain, only every 10th values of the chain were stored.
With the resulting 4000 values, we calculated the posterior means, the 95% credible intervals and the convergence diagnostic (CD) statistics (Geweke, 1992) . Table 3 summarizes the results.
According to the CD values, the null hypothesis that the sequence of 4000 draws is stationary was accepted at the 5% level for all the parameters in all the models considered here. From Table 3 and Figure 7 , we found that our algorithm produces a good mixing of the MCMC chain. The posterior means together with the posterior 95% intervals of the three parameters, which govern the mean process for each of the three models, are reported in Table 3 . In all cases the posterior mean of β 0 is always positive and statistically significant for each one of the models fitted. The posterior mean of β 1 is positive and similar to the first-order autocorrelation (not reported here). Since the 95% posterior interval contains zero, this coefficient might be not significant. The β 2 parameter, which measures both the ex ante relationship between returns and volatility and the volatility feedback effect, has a negative posterior mean for all the models. Although the posterior credibility interval of β 2 barely contains zero for all the models, its posterior distribution is primarily located in the negative range, as shown in Table 4 . This result confirms previous results in the literature and indicates that when investors expect higher persistent levels of volatility in the future, they require compensation for this in the form higher expected returns.
As expected for all the models considered here, the posterior means of ρ, the correlation coefficient between shocks to return at time t and shocks to volatility at time t + 1, are always negative and the 95% posterior credibility intervals do not contain zero. This result indicates the parameter is statistically significant. Hence, we may conclude there is a strong and significant "leverage effect" for the IBOVESPA returns dataset.
We found that the posterior mean of δ is -0.381 which indicates the returns are slightly asymmetric. We found that the 95% credible interval contains zero, but from This can have a substantial impact, for instance, on the valuation of derivative instruments and several strategic or tactical asset allocation topics.
To assess the goodness of the estimated models, we calculate the Bayesian predictive information criteria, BPIC (Ando, 2006; 2007) . The BPIC criterion is defined as whereb is given bŷ
Here q is the dimension of θ, E θ|y 1:T [.] denotes the expectation with respect to the posterior distribution,θ is the posterior mode, and
In the SVML class of models, the log-likelihood function, log p(y 1:T | θ), is estimated using the auxiliary particle filter (see, e.g., Pitt and Shephard, 1999; Omori et al., 2007) with 10000 particles. Table 5 shows the BPIC. According with the BPIC criterion the SVML-GH-ST model is relatively better among all the considered models, suggesting that the IBOVESPA return data demonstrate sufficient departure from underlying normality assumptions. simulation methods to estimate all the parameters and latent quantities in our proposed SVML-GH-ST model. We illustrated our methods through an empirical application of the IBOVESPA return series, which showed that the SVML-GH-ST model provides better fit than the SVML-N and SVML-T model in terms of parameter estimates, interpretation and robustness aspects.
The β 2 estimate, which measures both the ex ante relationship between returns and volatility and the volatility feedback effect, was found to be negative. The results are in line with those of French et al. (1987) , who found a similar relationship between unexpected volatility dynamics and returns, and confirm the hypothesis that investors require higher expected returns when unanticipated increases in future volatility are highly persistent. This is consistent with our findings of higher values of ϕ combined with larger negative values for the in-mean parameter.
On the other hand, since the posterior mean and 95% posterior credibility interval contains only negative values, we can conclude that there is a strong and significant "leverage effect" for the IVOBESPA returns dataset.
Our SVML-GH-ST models showed considerable flexibility to accommodate outliers, but their robustness aspects could be seriously affected by the prior of the ν and δ parameters. In this setup, for example, it would be possible to study different objective priors for form parameter in the GH-ST distributions in the same spirit of the works of Fonseca et al. (2008) and Salazar et al. (2009) . Nevertheless, a deeper investigation of this modification is beyond the scope of the present paper, but provides stimulating topics for further research.
Appendix A: The Full conditionals
In this appendix, we describe the full conditional distributions for the parameters and the mixing latent variables z 1:T of the SVML-GH-ST model.
Full conditional distribution of β 0 , β 1 and β 2
Let m t and V t be defined by
For parameters β 0 , β 1 and β 2 , we set the prior distributions as:
). Then, the full conditionals are given by
an indicator variable.
Full conditional distribution of α, ϕ, φ, δ and τ

2
We assume the following prior distributions:
, where α 0 , φ 0 , ϕ 0 , s 2 ϕ , δ 0 , s 2 δ , a τ , S τ , p 0 and q 0 are known hyper parameters.
After some simple but tedious algebra, we have 
Full conditional of z t and ν
The full conditional of z t is
where the values of λ, ϑ and γ are the parameters of a distribution GIG (λ, ϑ, γ) 
